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Abstract—This paper proposes potential approaches to detect
the weak target in the presence of strong disturbance. The
disturbance consists of strong clutter and white Gaussian noise.
The target and clutter are assumed to lie in the corresponding
subspaces. The algorithms of subspace matching in the linear and
kernel subspaces are derived respectively. The leading eigenvector
matching that is the subspace with rank one is investigated as
well. The simulation is done for two sensor arrays based on the
characteristics of the clutter environment. The results from the
simulation show the potential and promising uses of the proposed
algorithms to detect the weak target.

I. INTRODUCTION

Detection of the weak target in the presence of strong
disturbance is a very fundamental problem in a sensor array
system. The disturbance consists of strong clutter and white
Gaussian noise. The algorithms arise in this area either model
the distributions of the clutter [1]–[4] or assume that the
clutter lies in a given subspace [5]–[7]. For example, in [1],
[2], the clutter is modeled as Gaussian distribution. On the
other hand, an asymptotically optimum detector is designed for
compound-Gaussian clutter in which the amplitude probability
density function is unknown in [4].

In [5], [6], generalized likelihood ratio test (GLRT) is
derived based on probability density function under two hy-
potheses. The GLRT detection scheme is generalied to the
kernel space in [7] with the use of kernel function. In this
paper, the clutter and the target are assumed to lie in the
corresponding subspaces as well. Motivated from the result
in spectrum sensing [8], [9], this paper proposes potential
approaches to detect the weak target corrupted by strong
clutter and white Gaussian noise.

Given the subspace of the target, the corresponding subspace
obtained from the received signal should represent large sim-
ilarity with the given subspace assuming the target is present.
The approaches of the linear and kernel subspace matching are
studied and applied to the strong clutter model in this paper.
The leading eigenvector matching , namely the subspace with
rank one, is investigated as well.

The organization of this paper is as follows. The two
hypotheses detection model is illustrated in section II in which
the target and clutter are assumed to lie in the corresponding

subspaces. In section III, the detection algorithms for linear
and kernel subspace matching are introduced. The subspace
can be rank one or multiple ranks. The simulation results are
given in section IV. Finally, the paper is concluded in section
V.

II. DETECTION MODEL IN THE PRESENCE OF STRONG
CLUTTER

The model of two hypotheses testing in the presence of
strong clutter can be expressed as

H0 : x = c + n,
H1 : x = s + c + n

(1)

where s is the target to be detected, n is white Gaussian noise,
and c is the clutter signal. s, n, c and x are d−dimensional
column vectors.

The target and clutter are assumed to lie in the subspaces
which are spanned by the columns of orthonormal matrices T
and B respectively. The columns of T and B consist of bases
for target and clutter. T and B are assumed to be orthogonal.
The vectors for target and clutter can be written as

s = Tτ , c = Bω (2)

in which τ and ω are column vectors whose entries are
coefficients for the bases T and B.

The metrics used to measure the performance of detection
algorithm are detection probability Pd and false alarm proba-
bility Pf which are defined as

Pd = prob(detect H1|x = s + c + n)
Pf = prob(detect H1|x = c + n)

(3)

in which prob represents probability.
The matrix T can be obtained priori by eigen-decomposition

of the sample covariance matrix for target. Given the training
samples of the detected target s1, s2, ..., sM , the sample co-
variance matrix can be obtained by

Rs =
1

M

M∑
i=1

(si − us)(si − us)
T (4)



in which T denotes transpose and us is the mean vector of
s1, s2, ..., sM .

The eigenvectors of the matrix Rs can be derived by

Rs = VΛVT (5)

in which Λ is a diagonal matrix with ith diagonal element
λi. λ1 ≥ λ2 ≥ · · · ≥ λd ≥ 0 are eigenvalues of Rs.
V = [v1,v2, ..,vd] in which vi is the eigenvector of Rs

corresponding to λi. The matrix T = [v1,v2, ..,vk] in which
the rank k is determined by

k∑
i=1

λi

d∑
i=1

λi

≥ 95%. (6)

III. TARGET DETECTION WITH SUBSPACE MATCHING

The algorithm of subspace matching based on the leading
eigenvector has been applied to spectrum sensing under the
frameworks of PCA [8] and kernel PCA [9]. In this paper
both the linear and kernel subspace matching methods will
be investigated and applied to the model involving the strong
clutter.

A. Target Detection with Linear Subspace Matching

Assuming the rank p for the clutter subspace is known pri-
ori. Given the samples of the received vectors x1,x2, ...,xM ,
the eigenvectors ṽ1, ṽ2, ..., ṽd corresponding to the eigenval-
ues λ̃1 ≥ λ̃2 ≥ · · · ≥ λ̃d ≥ 0 can be obtained via eigen-
decomposition of the sample covariance matrix Rx

Rx =
1

M

M∑
i=1

(xi − ux)(xi − ux)
T . (7)

The clutter signal contributes to the first p significant eigen-
vectors ṽ1, ṽ2, ..., ṽp due to the assumption of strong clutter.
Therefore, the subspace which is spanned by the columns
of the matrix T̃ = [ṽp+1, ṽp+2, ..., ṽp+k] results from the
detected target under the hypothesis H1.

Subspace matching method is motivated by the assumption
that under hypothesis H1, the two subspaces which consist
of the columns of matrices T̃ and T should embody large
similarity. In other words, the distance between the two
subspaces should be small.

The distance between two subspaces is measured by pro-
jection Frobenius norm [10] in this paper,

d(T, T̃) =
∥∥∥TTT − T̃T̃

T
∥∥∥2
F

(8)

where ‖·‖F is the Frobenius norm of the matrix. Under the
linear subspace model, the subspace T and T̃ have equal
dimensions k. Under such condition, projection Frobenius
norm equals 2 ‖sinθ‖22, where θ is a k−dimensional vector of
principal angles between T and T̃ and ‖·‖2 is l2 norm. The
target is claimed to be detected if

d(T, T̃) =
∥∥∥TTT − T̃T̃

T
∥∥∥2
F
< Tsub−pca, (9)

where Tsub−pca is the threshold value for linear subspace
matching. The threshold value is determined by the simulation
in which Pf = 10%.

In [8], the leading eigenvector v1 is taken as a template
which is also called feature in machine learning and applied
to spectrum sensing. The eigenvector corresponding to the
largest eigenvalue is called the leading one. The hypothesis
H1 is claimed to be detected if the leading eigenvector of the
received signal represents large similarity with the template
v1.

Under the strong clutter model of this paper, the leading
eigenvector which results from the the detected target is ṽp+1.
When the inner-product is taken as a measure of similarity, the
hypothesis H1 is claimed to be detected if

〈v1, ṽp+1〉 > Tpca (10)

where〈·〉 denotes inner-product. Tpca is the threshold value
for the linear leading eigenvector matching. As v1 and ṽp+1

are normalized, 〈v1, ṽp+1〉 = cosθ1. It can be seen that the
linear leading eigenvector matching method is equivalent to
the linear subspace matching when k = 1.

B. Target Detection with Kernel Subspace Matching

The algorithm of linear subspace matching is based on the
assumption there exists the linear subspaces T and B for the
detected target and the strong clutter. However, in practice such
linear subspaces T and B may not exist. In other words, the
nonlinear subspaces which target and the clutter lies in need
to be located.

One potential solution is to map the original space data
s, c and x to the feature space data ϕ(s), ϕ(c) and ϕ(x).
Hopefully, linear subspaces which consist of column vectors
of matrices Tϕ and Bϕ for ϕ(s) and ϕ(c) exist. ϕ is the
mapping from original space to feature space. The target and
clutter in the feature space thus can be represented as

ϕ(s) = Tϕτϕ, ϕ(c) = Bϕωϕ. (11)

However, it is hard to find an appropriate mapping, on the
other hand, the dimension of the data in the feature space is
usually huge or even infinite. Consequently, direct operation
on the feature space data may computationally infeasible.

The kernel trick is explored widely in machine learning to
implicitly map the original space data to the feature space.
A kernel function which just relies on the inner-product of
feature space data is defined as [11]

k(xi,xj) = 〈ϕ(xi), ϕ(xj)〉 . (12)

With the use of kernel function, the mapping ϕ need not know
explicitly.

Similar with the linear subspace matching method, assuming
the rank pf of Bϕ is given. The matrix Tϕ = [vf

1 ,v
f
2 , ...,v

f
kf
],

in which vf
1 ,v

f
2 , ...,v

f
kf

are significant eigenvectors of the
covariance matrix Rϕ(s),

Rϕ(s) =
1

M

M∑
i=1

ϕ(si)ϕ(si)
T , (13)



where ϕ(s1), ϕ(s2), ..., ϕ(sM ) is assumed to be zero mean.
Since the nonlinear mapping is not given explicitly with

the kernel function, the sample covariance Rϕ(s) cannot
be derived directly. In [12], it has been proved that the
eigenvectors

[vf
1 , ...,v

f
kf
] = [(ϕ(s1), ϕ(s2), ..., ϕ(sM ))(β1, ...,βkf

)],
(14)

in which β1,β2, ...,βM are eigenvectors corresponding to
eigenvalues γ1 ≥ γ2 ≥ · · · ≥ γM ≥ 0 of kernel matrix
Kij = k(si, sj), i, j = 1, ...,M (Gram matrix). The kernel
matrix is a positive semi-definite matrix. The value kf is
determined by

kf∑
i=1

γi

M∑
i=1

γi

≥ 95%. (15)

Assuming the received vectors of the feature space data
ϕ(x1), ϕ(x2), ..., ϕ(xM ) have zero mean, similarly, their sam-
ple covariance matrix Rϕ(x) cannot be obtained explicitly.
However, the eigenvectors of Rϕ(x) can be represented as

[ṽf
1 , ..., ṽ

f
M ] = [(ϕ(x1), ϕ(x2), ..., ϕ(xM ))(β̃1, ..., β̃M )],

(16)
in which β̃1, β̃2, ..., β̃M are eigenvectors corresponding to
eigenvalues γ̃1 ≥ γ̃2 ≥ · · · ≥ γ̃M ≥ 0 of kernel matrix
K̃ij = k(xi,xj).

vf
i and ṽf

i , i = 1, 2, ...,M are normalized through βi =
βi/
√
γi and β̃i = β̃i/

√
γ̃i.

Different from linear subspace matching method, though
with the assumption of strong clutter, the first pf eigenvectors
of Rϕ(x) do not only result from clutters ϕ(c) due to the non-
linear mapping ϕ. Consequently, the detected target ϕ(s) may
contribute to all of the significant eigenvectors of Rϕ(x) under
hypothesis H1. Herein, the number of significant eigenvectors
of Rϕ(x) is selected to be kf + pf .

If T̃ϕ = [ṽf
1 , ..., ṽ

f
kf+pf

], the target is detected if the dis-
tance d(Tϕ, T̃ϕ) is small. Namely, d(Tϕ, T̃ϕ) < Tsub−kpca,
where Tsub−kpca is the threshold value for kernel subspace
matching.

d(Tϕ, T̃ϕ) =
∥∥∥TϕTϕ

T − T̃ϕT̃ϕ
T
∥∥∥2
F

= trace

((
TϕTϕ

T − T̃ϕT̃ϕ
T
)T (

TϕTϕ
T − T̃ϕT̃ϕ

T
))

= trace(Tϕ
TTϕ) + trace(T̃T

ϕT̃ϕ)− 2trace(T̃T
ϕTϕTϕ

T T̃ϕ)

= kf + (kf + pf )− 2trace

((
TT

ϕT̃ϕ

)(
TT

ϕT̃ϕ

)T)
(17)

in which

TT
ϕT̃ϕ = (vf

1 ,v
f
2 , ...,v

f
kf
)T (ṽf

1 , ṽ
f
2 , ..., ṽ

f
kf+pf

)

=
(
(ϕ(s1), ϕ(s2), ..., ϕ(sM ))(β1, ...,βkf

)
)T

×(ϕ(x1), ϕ(x2), ..., ϕ(xM ))(β̃1, ..., β̃kf+pf
)

= (β1, ...,βkf
)TKt(β̃1, ..., β̃kf+pf

),

(18)

where Kt
ij = k(si,xj).

In [9], the leading eigenvector vf
1 in feature space is taken

as a template and applied to spectrum sensing. In this paper,
the leading eigenvector is also applied to weak target detection.
The target is detected if〈

vf
1 , ṽ

f
1

〉
= βT

1 Ktβ̃1 > Tkpca, (19)

in which Tkpca is the threshold value for kernel leading
eigenvector matching.

IV. SIMULATION

The sensor array is comprised of M sensors. Each sensor
captures and samples d-dimensional vector during a time
frame.

In the simulation, the target is modeled as the sum of
three sinusoidal functions with unit amplitude of each. Thus
each sensor receives d-dimensional sinusoidal samples with
random phase that is uniformly distributed in interval [0, 2π].
The sinusoidal samples are corrupted by strong clutter and
Gaussian noise. Given M samples of the target, the subspace
T is obtained by eigen-decomposition of sample covariance
matrix.

Clutter samples are generated by B̃α in which α obeys
standard Gaussian distribution, and B̃ is the subspace that is
orthogonal to T. T, B and B̃ are equal dimensional. The
columns of B are linear combinations of columns B̃. In
this experiment, the clutter is assumed to be stationary and
homogeneous. The simulation result with M = 373, d = 128,
and SCR = −20dB is shown in Fig. 1 for 1000 Monte-Carlo
simulations. SCR is signal to clutter ratio.

It can be seen that the proposed algorithms can work very
well when SNR is as low as −22dB except linear leading
eigenvector matching. However, linear leading eigenvector
matching can still obtain 70% detection probability when SNR
is −16dB. SNR is signal to noise ratio.
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Fig. 1. The detection probability with SCR = −20dB for Pf = 10%

It has been assumed that strong clutter contributes to the
first p significant eigenvectors in the linear subspace, whereas
in the kernel space this assumption does not hold anymore
due to the nonlinear mapping. As an example, Fig. 2 shows



the average similarities for 1000 simulations of the first four
significant eigenvectors between clutter and received signal
under hypothesis H1. The simulation results verify the above
assumption.
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Fig. 2. Similarities between first four significant eigenvectors of clutter and
received signal

The simulation is repeated but with SCR = 0dB, the result
of which is shown in Fig. 3. It can be seen that the perfor-
mances do not degrade at all for kernel matching methods.
Nevertheless, the performance for linear leading eigenvector
matching degrades significantly.
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Fig. 3. The detection probability with SCR = 0dB for Pf = 10%

The simulation with M = 100 and d = 20 is done when
the clutter environment is not stationary enough. Fig. 4 is the
simulation result. The result is still very promising.

V. CONCLUSION

Potential algorithms to detect the weak target in the presence
of strong clutter are proposed in this paper. The algorithms are
based on the linear subspace model in which the target and
clutter lie in the corresponding subspaces. The methods of
the linear and kernel subspace matching are studied. In the
linear space, the first p significant eigenvectors are assumed
to result from the strong clutter, whereas, in the kernel space,
this assumption does not hold due to the nonlinear mapping.
Consequently, in the kernel space, the paper simply explores
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Fig. 4. The detection probability with SCR = −20dB for Pf = 10%

the significant eigenvectors to detect the weak target. The
number of the significant eigenvectors is determined by the
summation of ranks of kernel subspaces for clutter and target.
The simulation result shows the promising applications of
proposed algorithms to the weak target detection.
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